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Abstract 

We reformulate the so-called "strong bootstrap" conditions for the gluon Reggei- 
zation in the next-to-leading approximation (NLA), firstly suggested by Braun and 
Vacca, using a different approach, which is not based on properties of the eigenstates 
of the NLA octet BFKL kernel. We write the second strong bootstrap condition for 
the NLA octet impact factors in a form which makes clear their dependence on the 
process. According to this condition, the NLA octet impact factors must be given 
by the product of the corresponding Reggeon interaction vertices with a universal 
coefficient function. This function can be used also in the formulation of the first 
strong bootstrap condition for the NLA BFKL kernel in the octet state. 
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1 Introduction 



The gluon Reggeization is one of the remarkable properties of QCD. It plays an essential 
role in the derivation of the BFKL equation [|I|], which is very important for the description 
of high energy semi-hard processes in perturbative QCD. A rigorous proof of the gluon 
Reggeization has been constructed in the leading logarithmic approximation (LLA), which 
means summation of the terms {og In s)" 0. In the next-to-leading approximation (NLA) 
it has been observed in the first three orders of perturbation theory 0, but its validity to 
all orders of perturbation theory was only assumed in the derivation of the NLA BFKL 
equation. It is therefore very important to submit this assumption to careful tests. 

A very stringent test of the gluon Reggeization is the requirement of its compatibil- 
ity with the s-channel unitarity for the NLA elastic processes. This compatibility has 
been considered in Ref. 0], where two "bootstrap" conditions for the NLA octet BFKL 
kernel and impact factors were obtained. Recently, Braun and Vacca ^ suggested a 
stronger requirement, namely that the gluon Reggeization should be realized also in the 
(unphysical) particle-Reggeon scattering amplitude with colour octet in the t-channel and 
negative signature. This requirement leads to "strong bootstrap" conditions for the NLA 
octet BFKL kernel and impact factors. 

In this paper we reformulate this strong bootstrap in a different framework. Although 
strictly speaking all the results of this work can be derived from those of Refs. |^ , we 
think that this reformulation can be useful for at least two reasons. First, it does not 
rely on properties of the BFKL kernel, such as completeness of the eigenstates, which are 
neither evident nor easy to prove. Second, in this approach the second strong bootstrap 
condition can be presented in a form which makes manifest the dependence of the NLA 
octet impact factors on the particular process. According to this condition, the NLA octet 
impact factors must take a very simple form, since they can be written as the correspond- 
ing Reggeon effective vertex times a universal coefficient function. This function can be 
used also in the formulation of the first strong bootstrap condition for the NLA BFKL 
kernel in the octet state. We determine this coefficient function and check the fulfillment 
of the strong bootstrap conditions related to the quark and gluon octet impact factors. 

The paper is organized as follows: in the next Section we introduce the relevant 
quantities and notations and briefiy review the bootstrap for the NLA elastic processes; 
in Section 3 we consider the strong bootstrap by Braun and Vacca and write the related 
conditions in term of a universal function R; then in Section 4 we determine this function 
R and check the strong bootstrap related to the quark and gluon octet impact factors. 
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2 Bootstrap conditions from NLA elastic processes 



In the BFKL approach |l|] elastic (or quasi-elastic) scattering amplitudes {A)"^^ for the 
processes AB A'B' in the Regge kinematics are presented in the following form [^]: 



TZ,u 



where s is the squared c.m.s. energy of the colliding particles, which is assumed to 
be tending to infinity, the sum is taken over representations TZ which are contained in 
the product of two adjoint representations and over states u from full sets of states in 
these representations, r-ji is the t-channel signature which is equal +1 (-1) for symmetric 
(antisymmetric) representation TZ. The parameter sq was introduced in Ref. to give a 
convenient definition of the t-channel partial wave and is artificial in the sense that the 
amplitude does not depend on it in the NLA; Z) = 4 + 2e is the space-time dimension 
in the dimensional regularization. Finally, $'s are the impact factors of the colliding 
particles and G^^ is the Mellin transform of the Green function for the scattering of two 
Reggeized gluons, 

= ' (2-2) 

K, being the kernel of the BFKL equation. Let us consider the transverse momentum 
representation, where "transverse" is related to the plane of initial particle momenta. In 
this representation, defined by 

qWi) = m) , {Q1W2) = qiqi'^^^^'^\qi - 92) , 

the exact definitions of the impact factors and of the BFKL kernel in the NLA, 

^Wiq^.q.s,) = (gil^Sr^) , /C^(g2,gi,g) = (gll/C^lgi) , (2.4) 

were given in Ref. |Q . In the above equalities q is the transverse momentum transfer for 
the amplitude ( p.l|) , so that we have 

t = g2 ^ g2 ^ _g2_ (2.5) 

Note that throughout this paper q is considered as a fixed parameter and has nothing 
in common with the operator q. In the derivation of the representation (|2.1| ) a certain 
Reggeized form for the production amplitudes was assumed; in particular, for the elastic 
amplitude with colour octet representation and negative signature in the t-channel one 
needs to have 



g/ = gl - g, {A\B) = {A\k){k\B) = [ ^^A{k)B{k) , (2.3) 



So J V So 



r^,^(so), (2.6) 



where F's are the particle- Reggeon effective interaction vertices and uj{t) is the Reggeized 
gluon trajectory. The dependence of the vertices on sq was indicated explicitly to stress 
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that it cancels the analogous dependence of the Regge factor in Eq. ( |2.(j| ) (the dependence 
on other possible arguments not being shown). From the comparison of the term with 
7^ = 8^ in Eq. (|2.1|) and Eq. (|2.6| ), two self-consistency relations (the so-called "bootstrap 
conditions") have been obtained in Ref. HI: 



-'2 -'1 1 



fi|/C«|gl)-a;(2)(t) 



(2.7) 



(27r)^-i J q,^qp 

In the above relations r*^"^ and cu^^^ denote the leading logarithm approximation (LLA) 
contributions to the vertex and the gluon trajectory, respectively. Analogously, r'-^-', u}^'^\ 
/C*^^^ and mean the NLA corrections to the corresponding LLA quantities. We omitted 
the superscript (or subscript) 71 = 8~, assuming that here and everywhere below all the 
quantities belong to this representation. The conditions ( p.7|) and ( p.8|) are the bootstrap 
requirement in the NLA in the elastic sector. It is not yet clear whether they are sufficient 
to prove in the NLA the Regge form also of the inelastic amplitudes|, which is used in 
the BFKL approach. Nevertheless, these conditions provide a strong confirmation of 
the self-consistency of the NLA BFKL approach. In fact, no doubts in the validity of 
the BFKL approach in the NLA must remain after the verification that the bootstrap 
conditions (p7|) and (Of) are fulfilled. 



The quark part of the first bootstrap condition ( p.7| ) was analyzed in and was 
found to be satisfied at arbitrary space-time dimension D. Recently, the gluon part of 
the colour octet kernel was calculated H in the NLA for D — > 4 and the fulfillment of 



the bootstrap condition for this part was proved in this limit ||T0|. The calculation of the 
kernel at arbitrary D is in progress now 



The second bootstrap condition (|2.8| ) was checked for the gluon and quark impact 
factors |p!2| , |13[ and was proved to be satisfied at arbitrary space-time dimension both 
for the helicity conserving and non- conserving parts of the impact factors. Note, that 
the first bootstrap condition is universal, i.e. process independent, and even if it is a 
quite nontrivial problem to demonstrate its fulfillment, one has to do it just once. In this 
respect the second bootstrap condition looks much worse, because it is process dependent, 
i.e. any amplitude with gluon quantum numbers in the t-channel has its own bootstrap 
condition. If one uses such amplitude in the unitarity relation for a given process, one 
should be sure that this bootstrap condition is satisfied. For example, the NLA correction 



to the forward colour singlet BFKL kernel is already available [[14|, piq] and it would be very 
interesting to apply it for the description of a real experiment; for this purpose we need 
to know the forward impact factors of colourless particles. The calculation of the virtual 
photon NLA impact factor is in progress now |T^. Huge mathematical difficulties must 
be overcome in this calculation, so that before going on with it, it is desirable to be sure 
of the self-consistency of the NLA BFKL approach and, in particular, of the fulfillment of 
the bootstrap condition (|2.8|) for the impact factor describing the J —>■ qq transition in the 



photon-Reggeon scattering process, which is involved in the calculation. Unfortunately, 



^In the leading order such form was proved 
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a direct check of this bootstrap condition is a not less comphcated problem than the 
calculation of the photon impact factor itself. Therefore one should investigate as much 
as possible the bootstrap conditions in general form, without specifying the scattering 
process, in order to understand the reasons for the relations ( p.7| ) and (|2.8|). 



3 Strong bootstrap conditions 

Braun and Vacca Q suggested stronger bootstrap conditions than those obtained in [Q. 
Their suggestion is based on the requirement of Reggeization of the unphysical particle- 
Reggeon scattering amplitude with colour octet in the t-channel and negative signature 



So J \So 



(3.1) 



where k is the particle-Reggeon squared invariant mass, in the sense that the amplitude 
should not contain admixture of eigenstates of the kernel different from the one corre- 
sponding to the gluon trajectory. In our reformulation we will not use the language of 
eigenvalues and eigenstates, because, as already discussed, this would require the justifi- 
cation of some properties of the kernel, such as completeness of the eigenstates, which are 
neither evident nor easy to prove. In the following we will show briefly how to obtain the 
strong bootstrap conditions not assuming these properties. The meaning of Reggeization 
was discussed in details in Ref. H] and in the case under consideration it implies 



(A) 



AR 



So) \ So 



(3.2) 



where R can be called the Reggeon scattering vertex. Comparing the /t-channel disconti- 
nuities of Eqs. ( p.l|) and ( p.2|) we get 



/ 77- (-) G^ ^'a) = (-) r%Aso){qi\R) 

Js-ioo im ksqJ \soJ 



where 



Using the relation 



{q,\R) ^ R{q„ q, So) = ^^^^i^J^i?(gi, q, So) 

(;c(°)-c.«(t))|<i) = o. 



(3.3) 



(3.4) 



(3.5) 



which follows from the independence of the Born octet impact factors $(gi,g) from qi 
and from the form of the Born octet BFKL kernel (see, for example 0), we have in the 
NLA 

Gj<i>%^) = L - ic^'A-' \<i>fl) 



(3.6) 
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Therefore we obtain for the L.H.S. of Eq. ( |3.3| ) with NLA accuracy (in simphfied notations) 



So 



n=0 



in + 2) 



(1) 



n+l 



^(1)|$(0))+(^(0)_^(1))|$(1)) 



(3.7) 



Analogously, the R.H.S. of Eq. (|3.3|) takes the form 



r(o) (^1 + In (^^) ^(2)) + r(i) 



+ |/?«)r 



(0) 



(3.8) 



and therefore the compatibility relations are 

- ^(2)) |$(o)) + (^(0) _ ^(D) |$(i)^ ^ , 

(^(°) -cu«) [^W|<l>(°)) + (^W = . (3.9) 

We notice now that the third of these relations is not independent: it follows directly 
from the second one, taking into account also Eq. ( |3.5| ). Therefore, restoring the omitted 
indices of impact factors and vertices, the compatibility relations in NLA can be written 
in the following form 



(3.10) 



where (^i|-R) = Riqi, <?, sq) is the universal function defined by the relations ( |3.2| ) and (|3.4|). 
Finally, there is one more condition, which is nothing but the generalization to all orders 
of the second bootstrap condition ( |2.8D for the particle-particle scattering amplitudes. 
Indeed, the amplitude ( p.l|) for the case of antisymmetric colour octet state in the t- 
channel can be represented as the convolution of the impact factor for the particle B and 
the particle- Reggeon scattering amplitude ( |3.1| ). Using for the latter amplitude the Regge 
form (|3.2|) and then Eqs. ( 3.101) , the comparison with the Regge form ( p.6|) leads to the 
relation 



q- 



d 



D-2 



{qi\Rf = sin {nuj{t)) 



(3.11) 



(27r)^-2 

In the next section we will see that in the NLA, with account of the second from the 
relations ( p.lO| ), this equation coincides with the second bootstrap condition ( |2.8| ). 



The set of strong bootstrap conditions, defined by Eqs. (|3.10|) and (|3.11| ) is completely 
equivalent to the one formulated in Refs. ^ , but here it is rewritten in a form which fixes 
explicitly the process dependence of the impact factors: they turn out to be proportional 
to the corresponding effective vertices with the same universal coefficient function R. This 
function is used also in the formulation of the strong bootstrap condition for the kernel. 
To be precise, the Eqs. ( p.lO| ) and ( |3.11| ) can be obtained combining the Eq. (23) of 
Ref. and Eqs. (7) and (8) of Ref. 0. It was also stressed in [|], ^ that the necessity to 
assume the Reggeization of unphysical particle- Reggeon scattering amplitudes in order to 
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formulate the strong bootstrap conditions can be avoided if one puts aside perturbation 
theory. In our approach this can be done as well, again without involving the completeness 
of eigenstates of the kernel. Indeed, comparing the s-channel discontinuities of Eqs. 
and ( |2.6| ), one easily obtains (in simplified notations) 



So J 



M = 1 , (3.12) 



where 



y (ztt)^ ^ sm [t^ijj] V a 



An expansion in ln(s/so) powers gives 



1 = k<^B\^A) + E [t - ujX 10^) . (3.14) 



n=l 

Therefore, for arbitrary A and B (including the case A = i?) we have 

(0ij|0A) = 1 , (3.15) 

which means that the relation 

\<\>a) = 10) (3.16) 

is valid for an arbitrary A (since two unit vectors having unity as overlap coincide). Now, 
to remove the higher powers of energy logarithms from Eq. ( ^.14 ), we need only to put 

(/C-cu)|0) = O, (3.17) 

which gives, together with the previous equality, exactly the strong bootstrap. Of course, 
we cannot claim for a non-perturbative consideration, at least in the BFKL approach. The 
accurate perturbative analysis of the NLA elastic bootstrap shows that in perturbation 
theory the only necessary conditions are the soft ones (p.7|) and 



4 Determination of the function R 



To determine the function R introduced in the previous section, we use the results of 
Refs. [|l^] (see also 0) and [jl^ for the quark NLA octet impact factor and the quark- 
quark-Reggeon effective vertex, correspondingly. For simplicity, we restrict ourselves to 
the case of completely massless QCD. Then the quark impact factor takes the form 



$Q'Q(gi,g,^0) = $2°^(l + 



(1) 



it) 



12' 



2 

11 + 7e 



'I 



2e 



2(l + 2e)(3 + 2e) (1 + 2e)(3 + 2e) 



■So 



In 4 +2^(1) -2^(1 + 2e) 



2(1 + 2e) 



1 

iV2 



(3 - 2e) - 
2(1 + 26)^ 



(4.1) 
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where n/ is the number of quark flavours and the function Ki has the following integral 
representation: 



A 1 = TTTT. TT^TTTZ ^ / X ^ , In 



-»2 

q 



(4.2) 



4r(l-e)r2(l + e) J (27r)^-i \ky [k - q^y{k - qif 
The result of the integration of Eq. ( [4 .21) , in form of expansion in e, can be found in 



Ref. 1 13]. The corresponding effective vertex can be presented as follows: 



2 + e 



In j + i + - e) + z^(l) - 2z^(l + e) 



1/1 (3-2e)\ ri/ (1 + e) 



2(1 + 2e)(3 + 2e) A^^ 2(1 + 2e)y' iV (1 + 2e)(3 + 2e) J 7 ' ^^'^^ 

Using also the well known expressions for V^'^'> and (see, for example, 0) we obtain 
from ( plOD 



Ji?) = i?(gi,g-) 



x{^+V^(l + 26)-^(l + 6) + -^ 



ll + 7e 



+ 



+ 2e)(3 + 2e) (1 + 2e)(3 + 2e) 



2e 



+ + ^(1 + e) - - e) - ^(1 + 2e) 



(4.4) 



Let us now discuss the condition ( p.ll|) . Using the expression ( [4.4|) for i?'-"-* and the 
well known integral representation for cj*^^^ (see, for example, 0), it can be rewritten in 
the NLA as follows (in simplified notations): 



2cu«+cu(2)=4i?(0) 



d^-^gi q^ 
(27r)^-ig;V/2 



R 



(4.5) 



Then, multiplying both parts with the vertex F, one gets 



(2vr)^-ig-;Vi'' 



+ 4i?W 



\D-l f;1t}I2 



$(1) . 



(4.6) 



The LLA part of the above relation is evidently satisfied and the NLA one gives exactly the 
second bootstrap condition ( p.8|) . It means that this condition is fulfilled automatically for 
any process if the conditions ( p.lO|) and ( p.ll| ) are satisfied, that justifying the term "strong 
bootstrap conditions" . Let us finally note that it is not necessary to check the fulfillment of 



the condition ( |3.11| ) for the function ( ^.4| ); in fact, it was already done when the bootstrap 
condition (|2.8|) for the quark impact factor was checked in Ref. [|13| . Therefore, the above 
discussion completes our formulation of the strong bootstrap conditions. They can be 
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presented by the relations ( |3.1(J| ) and ([4. 41). The relation ( p.llD is not necessary to include 
anymore, because the i?-function ([4 .41) does have the correct normalization. 



We have now the chance to check the second of the strong bootstrap conditions defined 
by Eqs. ( p.lO| ) and (|4.4| ) for the case of gluon scattering, because the corresponding impact 
factor and effective vertex are already known in the NLA and can be found in Refs. |12| 
(see also 0) and |T^, correspondingly. The result for the impact factor is 



11 + 7e 



5+1 



UJ 



(1) 



it) 



12' 



2e 



+ ^(l + 2e)-V(l + e) 



+ 



2(1 + 2e)(3 + 2e) (1 + 2e)(3 + 2e) 
9(l + e)2 + 2 



So 



+ ln 4 +- + 2^(l)-V^(l + e)-^(l + 2e) 



+ 



2e 

1 + ef + e2 



2(1 + e)(l + 2e)(3 + 2e) (1 + e)2(l + 2e)(3 + 2e) 



2(l + e)2(l + 2e)(3 + 2e) 



Here the notations 
5+ 



5. 



-ei;ex. ( 9l\ -{D-2) 



(4.7) 



(4.8) 



were used, with e and e' the polarizations of the incoming and scattered gluons, respec- 
tively. Eq. (|4.7]), together with the Eq. ([4.4[), gives the expression 



gT^,aRi<lu<l) 



6^n 



UJ 



(1) 



In 



9(l + e)2 + 2 



So 

n. 



+ - + + - e) - 2i){l + e) 
e 



1 + ef + 



2(1 + e)(l + 2e)(3 + 2e) A^ (1 + e)2(l + 2e)(3 + 2e) 



2(l + e)2(l + 2e)(3 + 2e) V^^' n) ^^'^^ 

which must coincide with ^c'ci^o) / {gTQ,Q) if the strong bootstrap for impact factors is 
fulfilled. Simple inspection of the result [|18| for the vertex confirms its fulfillment. As for 
the first strong bootstrap condition (the first of Eqs. ( 3.1CI|) ), its fulfillment in the part 
concerning the quark contribution follows from the results of Refs. [|5|, [19|. Of course, 
nothing can be stated as a fact without a check of the first strong bootstrap condition for 
the gluon part. 



5 Discussion 



In this paper we have considered the strong bootstrap conditions, introduced in Refs. 
and @, which appear as consequences of the hypothesis that the unphysical particle- 
Reggeon scattering amplitudes have also Regge form. Our main aims were: first, to show 
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that strong bootstrap conditions do not need the assumption of completeness of eigen- 
states of the octet BFKL kernel; second, to rewrite them in a form which fixes explicitly 
their dependence on process under consideration. The strong bootstrap conditions rewrit- 
ten in such form (see Eqs. ( p.lO| ) and ( |3.11| )) are completely equivalent to the analogous 



ones of Refs. [0, 0, as it was explained in the Section 3. We have then determined the 
universal function R using the results for the quark NLA octet impact factor []T3[ and for 
the corresponding effective interaction vertex and have shown that the complete set 



of strong bootstrap conditions can be presented by Eqs. ( |3.10D and ( ^.41 ) (Eq. ( ^.11| ) is not 
necessary to include, having the function R given by Eq. ([4.4|) the proper normalization). 
Finally, we have checked the strong bootstrap condition for the gluon NLA impact factor 
and found that it is fulfilled. 

The strong bootstrap conditions are satisfied in the LLA and are likely to be sat- 
isfied also in the NLA, as it may be concluded from the previous section and from the 
results of Refs. |]^, |T^. This fact is rather intriguing, because the strong bootstrap is 
evidently not necessary for the NLA Reggeization of the usual particle scattering am- 
phtudes, being the soft one (expressed by Eqs. (p7| ) and (|2.8|) ), together with the LLA 
strong bootstrap, sufficient for it [Q. The possibility that the strong bootstrap conditions 
are necessary for the self-consistency of NLA Reggeization in inelastic sector was men- 
tioned in Ref. P, but, in our opinion, this does not look to be the case. The assumption 
of the NLA Reggeization for the unphysical particle-Reggeon scattering amplitude itself 
cannot be considered a good explanation, since it is not yet clear why this requirement 
should be necessary. In any case, there is interesting physics under the strong bootstrap 
(if satisfied) which deserves further clarification. 

From a practical point of view, soft bootstrap conditions are now more important 
than strong ones. However, since the soft ones are automatically verified if the strong 
ones are fulfilled, also the strong bootstrap can be practically used, especially because it 
involves one integration less and is therefore easier to check. It is also clear that the set 
of checks of the bootstrap conditions for all the possible processes can be replaced by the 
search of general arguments for the NLA Reggeization of the particle-Reggeon scattering 
amplitudes. 
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